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Abst ract - -Two problems of motion and stability of a solid heavy cylinder in vertical and hori- 
zontal chambers filled with viscous gas are solved. In the first problem distribution of velocities and 
pressures in the layer between the cylinder and the chamber is determined analytically. Stability 
criteria of a rotating cylinder (a rotor) motion subject o problem parameters are studied. Then the 
problem of motion of a horizontal rotating rigid unstable cylinder in a stationary circular cylindrical 
chamber, which has finite length and is filled with viscous gas is solved. The inner cylinder is influ- 
enced by outer forces which vary periodically in time. Trajectories of the rotor stationary motion for 
various velocities of rotation, dlsbalance values, amplitudes and frequencies of outer forces axe cal- 
culated. Conditions of contact free motion of the cylinder, rotating in the chamber, are determined. 
(~) 2000 Elsevier Science Ltd. All rights reserved. 
Keywords - -S tab i l i ty ,  Rotor motion, Viscous gas. 
1. VERTICAL  CYL INDRICAL  ROTOR 
Let us consider a vert ical  cyl indrical  rotor with radius R1, which rotates with angular velocity w in 
a cyl indr ical  chamber,  which has radius R2. The radial  gap between the surfaces is denoted by 6. 
Coord inates  of the rotor centre O(e, ~), are designated with respect o a fixed polar coordinate 
system with the beginning in point O1, which is the center of the chamber (Figure 1). The space 
between the cyl inders is filled with viscous gas. 
The Navier-Stokes equat ion and cont inuity equation, describing as motions 
0v 1 u 
0---~ + (vV)v  = - -p  Vp + uAv  + ~ ~7 div v, 
Op 
0-7 + div(pv)  = 0, 
rewr i t ten subject  o assumpt ion of smallness of the gap between the rotor and cyl indrical  chamber 
(¢  ---- 6/R2 << 1), for a flat flux are as follows [1]: 
Ovx Ov:: Ovx _ 10p  02v:~ 
O-"-t + v:~ ~ + vy Oy p Ox + u --Oy 2 , 
_ _  Op O(pvx) O(pv~) OP=o, +- -+ =o, 
Oy Ot Ox Oy 
(1.1) 
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Figure 1. 
where x ---- R~ and y -- r -  R1 can be considered as coordinates of points in gas; origin of reference 
y- - in  the intersection point of radius R2 and ray e -- const; h--value of y in intersection point of 
this ray and the rotor surface (see Figure 1). In (1.1) the following notations are used: v--velocity, 
p---pressure, p--density, v = p/p--kinematic viscosity of a fluid. Let R = R2, then: 
)] -~  , X= R 
Boundary conditions on the rotor surface, i.e., at y = h: 
• . x x 
vx=U=wR1 +~ [Xsm (~-  ~) -  X@cos (~ - ~)]  , 
x 
on the chamber surface, i.e., at y = 0: 
vx : vy : O. 
Solving the problem (1.1),(1.2), let us find the equation for pressure distribution in the layer. 
Let us integrate the continuity equation over y and use boundary conditions (1.2). Then we can 
write the obtained equation as follows: 
0 
fo  h O(ph) = O. (1.3) ~dy +--~- 
Integrating this equation over coordinate x, we obtain 
f i q(x)  = O vx dy = qo(t) - x O(ph) dx,  (1.4) Ot 
where q0(t)--gas consumption i  the cross-section of the layer with coordinate x = 0. 
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To integrate the first equation of set (1.1), let us average its left part over thickness of the gas 
layer h and rewrite (1.1) as follows: 
Oy 2 #O----x --~ -~-  dy + vx -~x dy + v, -~y dy = A(x, t). (1.5) 
Integrating equation (1.5) over y and using the boundary conditions, we will obtain gas con- 
sumption 
~_~ Uh q(x) = - h 3 + --~-, 
12 6U lop  6v [ 2q0(t) 2 fx  c9(ph) ] 
d = --h-~ q(x) + -~ - p Ox + g Uh - - -  + P Ot dz . 
On the other hand, function A(x, t) can be found if we convert integrals in (1.5) and (1.4), taking 
account of the boundary conditions for velocity component vy and equation of continuity, and 
then exclude defining pressure distribution in the gas layer out of the equation: 
Op 6,  [ 2q0(t) 2 fx  O(ph) ] p [ 2q0(t) 2 Lx O(ph) ] 
0--~ = h -5  U h --p + -p Ot dx - -~ U h - -p  + -p Ot dx V 
[~ Oh 1 Lx  02(ph) 20p  (L  ~ O(ph) dx qo(t)) 1 (1.6) p dqo(t) U - -  - -  - 
h dt Ot p Ot 2 dz + -~ -~ Ot 
{ I /o  l f/o 1} Op 1 6 x O(oh) dx U ~ O(oh) dx + 2U2h +-~x -h 5 -~ qo(t) - Ot - -~p qo(t) - Ot ~ " 
In the considered case, velocities of the rotor motion do not exceed 1000 rev/sec and it allows 
us to neglect compressability of the gas, which filled the gap between cylindrical surfaces. Then 
we obtain 
O---x = -~ Uh-  2qo + 2 ~dx 
.[ So:O ] ,r q0 /oXO:,, ] h2 Uh - 2q0 + 2 ~-  dx V - -~ L dt - U ~-~ - ~ dx , 
and taking account of the similar equation, showing negligible influence of the second summand 
in the equation, obtained earlier on dynamic characteristics of the gas layer, we finally write it 
down as: 
o, So==oh ] , r<,qo ] 
- Uh-2qo+2 Ldt  . (1.7) 
2. FORCES APPL IED ON THE ROTOR 
Let us move on to calculation of the forces applied on the rotor from the gas layer. Neglecting 
terms of order 5 2 in equation (1.7) and using boundary condition (1.2), we obtain 
Ox = h --~ Uh - 2qo + 2 -~-dx - -~ qo - U -~ - ~ dx . 
Now let us introduce a new variable O = x /R  - ~, using boundary conditions (1.2). Then we 
can rewrite the above equation as follows: 
OH 3 
0O - (1 + Xcos0) 3 [(1 + Xcos0) + 2 ()~sin ~ - X~bcos 0) - 2H] 
(2.1) 
+ 2(1 +Rex cos ~) [;~ cos O + X~ sin 0 + (j~ - ~b2X) sin 0 - (2~:~ + ~X) cos ~ - / : / ]  
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Q = qo -6R(:~ sin ~ + X~b cos ~), Re = 62w/u is Reynolds number. Also, we introduce dimension- 
less variables ¢5 Q 
7" = wt, II = ~w p' H - 6Rw " (2.2) 
According to [1], we define unknown time function H with respect o boundary conditions of 
pressure H 
~0 
2~ OH 
--~ dO = O, 
then we find expressions for radial and tangential components of pressure (L-- length of the rotor 
and the chamber): 
~0 2~r 2LR#w ~02~r OH Pe = -LR  pcos0d0 - ¢2 sinO -~ dO 
_ #LRw [ 
¢2 2 Re r (j~ - X~b 2) ~(X) + 2 Re wZ~(X) + 2 
P~ = LR  ~02~ 
#LPuz 
=-7 
2LR#w ~o 2~ p sin 8 d8 = ~-----E-- cos 0 dO 
-2  Re ~r (2;~b + X~) ~(Z) + 
+2 Re~r)~(X) +12rcHvx 
I +2~(Z) 
(1 - X2) 2 
2~r 
(1 - Z2) 3/2 
127r X 
(2 + Z 2) ~/I - X 2 
(i + 2 (z)z 
127rx~ (1 - z2) 2 
(2.3) 
where the equation for defining function Hv is as follows: 
6(2-{-X2) r~ ( 6X_ ~(X) ) :~+~X 2 
/ : /V+Re( l _z2)  2nv= (2+X2) 2 
1 - ~/1 - X 2 
~(z) = z2 
18 
Re (1 - X2) 2 
+ (2~ + x~) ~(z)x, 
The obtained equations analytically define forces, acting on the rotor from the gas layer, which, 
in the given case, is used as a lubricant. Compressability of the gas can be neglected. 
3. STABIL ITY  OF  EQUIL IBR IUM OF A ROTOR 
Let us consider motion of the rotating solid cylinder of mass m in the cylindric chamber, which 
has rigidity c. Differential equations for motion of the system--the vertical rotor and the vertical 
chamber--are as follows: 
mw25~ + Pe cos ~o + P~ sin ~ = 0, 
mw2~) + Pe sin ~ - Pv cos ~ = 0. 
CXl - Pe cos ~ + P~ sin ~ = 0, cyl - Pe sin ~ - P~ cos ~ = 0. 
(3.1) 
Here ~ is a polar angle of the line of centers OO1, xl, yl--coordinates of the chamber center O1. 
The equations are written for dimensionless time T = Wt; Pe and P~ are defined according to 
formulas (2.3). 
Let us move on to study of stationary central equilibrium of a rotating rotor. Let us assume 
that the center of the rotor performs mall oscillations with respect o the balanced position. Let 
us consider a linearized set of differential equations of the system's perturbed motion. To do this, 
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we decompose functions Pe and P~ into power series in the neighborhood of X = 0 and preserve 
the linear term by )/only: 
[ 1 Pe = mw2b N (2  - Xq b2)+NX~+~r  , 
[ 6~r#L 12#~rL ] (3.2) 
P~ = mw2/f -N  (X~ + 2:~b) + ~ X + Y~ mwC3 X~ , 
where N = (2rpR2L) / ( lbm)  is a characteristic constant, considering influence of inertia forces of 
the gas layer, qo is frequency of rotor oscillations. 
Let us define the boundary of stability and frequency of the rotor oscillation a on this boundary. 
Let us imagine qb as follows: 
where a is frequency of the rotor oscillations on the boundary of stability, qbl are small pertur- 
bations of a, i.e., [qbl[ << a. 
Such an approach is stipulated by experimental data, represented in [1,2]. These data show 
existence of precession motion of the rotor, rotating around the chamber center. Let us introduce 
complex variable z = x + iy,  Zl = x l  + iy l ,  z2 -- z - zx = e(cos ~ + i sin ~) and transform the set 
of equations (3.1): 
rn, w22 + (Pc - iP~)  e i~ = O, 
cz l  - (P¢  - i P~)  e ~ = 0 
or, taking into account (3.2), 
21+22+bz1=0,  
Let us find the solution of these equation in the following form: 
Zl ---- a l  exp(Ar), z2 : a2 exp(AT) .  
The given equation will be stable if decrements of perturbations A -- A~ + iAi has negative real 
part. The boundary of stability is defined from the condition Ar = 0. Then, for Ar = 0 (the 
boundary of stability) and Ai = a, we will get a characteristic equation for the set (3.3) 
0 
If we equate real and imaginary parts of the equation (3.4) to zero, we will get a system, allowing 
us to determine stability boundaries of the rotor and frequency of the system oscillations: 
Na (b - a 2) (a  - N)  + ba ~ = O, 
¢- (b - ~)  (1 - 2~) = o. 
03 
Solutions of this system (after returning to dimensional variables) 
~=~, ~,=2V~ V ~ =2 1 2~pR3L' 
Based on the Raus-Gurviz criterion [3] we can state that the system is stable, if the angular 
velocity of the rotor rotation is less than the critical one: w < w.. 
Stability of the system can be increased if we increase rigidity of the chamber c, density of the 
gas, filling the lubricant layer p and radius of the rotor R1, or if we decrease the gap between the 
rotor and the chamber b. 
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4. HORIZONTAL ROTOR 
Let us consider two horizontal coaxial circular cylinders with length L and radius R1 and R2. 
The space between the cylinders is filled with viscous gas. The center of mass of the inner rigid 
solid cylinder (rotor) situated outside its rotational axis (static instability). The rotor moves 
round its symmetry axis with constant angular speed w. Outer cylinder (chamber) is immovable. 
A gap between the cylinders is significantly less than their radii that is why to determine pressure 
distribution in a thin layer of viscous gas one can use Reynolds equation. In cylindrical coordinate 
system (r,~, z), axis z of which is oriented along the axis of outer cylinder, the equation for 
pressure p is the following [3]: 
1 0 h3 p Op 1 h p~ (ph) + (ph), (4.1) 
12, Oz ~zz + 12#R 2 = ~ 2 
where p is gas density; h = h(q0)--local thickness of a gap between cylindrical surfaces (R1 _< 
r < R1 + h);/z-coefficient of dynamic viscosity of gas. 
Boundary conditions: 
L 
given z = +~, ,  p = Po (4.2) 
(po--pressure in the medium around the layer). Having found the field of pressure in the gas 
layer from the problem (4.1),(4.2), let us find the force applied by the gas to the rotating cylinder 
of length L: 
Fx = -2  pR1 cos~dzdp,  Fy = -2  pR1 sinqodzd~. (4.3) 
JO JO 
While calculating reaction of a gas layer we took into account only pressure forces. They are much 
more than frictional forces [4] with the accuracy which was used while deriving the equation (4~1). 
Motion of a cylinder rotating in the gravitational field under the action of outer forces which 
periodically change in time is described by the equations (in the coordinate system, connected 
with the center of the immovable chamber) 
m~ = Fx + mSw 2 coswt + rag(1 + al coswlt ) ,  
(4.4) 
rn~) = Fy + mSw 2 sinwt + toga2 sinwlt. 
Here m--rotor mass; 5--value of shift of mass center from rotation axis; g--acceleration due to 
gravity; al, a2--amplitudes of outer periodic effects (i.e., a case when metal cylinder moves fn 
alternating electromagnetic f eld); wl--frequency of outer effects. At the beginning, the rotation 
axis coincides with a chamber axis. 
5. CALCULATION OF A ROTOR MOTION 
Let us solve the problem of a rotor motion by the method of direct numerical integration of 
the set of equations describing a cylinder motion and pressure distribution in a gas layer [5]. Let 
us rewrite equation (4.1) in the form of the law of energy conservation of the volume R1 AqoAzhj; 
including the node i , j  of the lattice in cylindrical coordinate system (Aqo--angular step dimen- 
sion and Az--is the step in a coordinate) in dimensionless form, using the following units of 
measurements: a distance across the layer--C (mean value of radial gap), a distance along the 
layer--R1, time 1/w, pressure--p0: 
A~ 
2AA~aAz O (hi Pij) - h 3 ~ [Pi+ 1/2j (P~+I,j - P~,j) - Pi- 1/2 j (P~j - P~- 1,j)] 
= Az h3 - h 3 P~j-1)] (5.1) [Pi,j+l/2 j+I /2(P i j+I  -- Pi,j) j -1/2Pi , j -1/2(Pi , j  - -  A~ 
q-AAz(pi,j+l/2hj+l/2 - p~j-1/2hj-1/2); (hi = 1 - x cos qaj - y sin qoj). 
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Here Aqo = 2~r/J; Az  = L /2 I ;  qoj = jAq0; I, J - -quant i ty  of lattice nodes in axial and peripheral 
direction. Relation between pressure and gas density is defined by the ratio p ip  = const. 
Boundary conditions (4.2) in the form of finite difference are the following: PI,J = Po, P - I , j  = 
Pl, j ,  Pi,0 -- Po,J, PLJ+I = Pi,1 (i = 1, 2 , . . . ,  I ,  j = 1, 2 , . . . ,  J ) .  While writing ratios we used 
conditions of periodicity p(z,  ~o) = p(z,  qo + 2~r) and smoothness (~z)z=0 = 0. 
Using the method of varying direction [6], let us reduce the set problem of calculation of pressure 
field in a layer to a sequence of one-dimensional problems where we assign coefficients, nonlinear 
terms and mass outlay of gas in axial direction to time moment k+l/2 (k--number of a time step) 
and other values--to tk. Let us approximate the derivative ~ by the difference formula of the 
second order centered with respect o tk+l/4. We solve the derived nonlinear difference system of 
equations along the lattice lines considering index j as a parameter by the sweep method. Initial 
approach p0j at every time step is defined with the help of linear extrapolation 
( k÷l/2~0 = 1.5p~,j k-1 Pi,j ) - 0"5pi,j (k = 1,2 , . . . ) ,  
~I/2"~0 where at the first time step (~ij } = Pi,j.° 
At the next stage of the method of varying directiorts in equations (5.1) let us refer linear % 
components of mass outlays in peripheral directions to tk+l and coefficients and other members 
of the equations to tk+l/2, the derivative ~t center with respect o tk+3/4. Then, following the 
method of the cyclic sweep method [7] find the pressure in all lattice nodes and the force effecting 
a rotor from a gas layer in the time moment k+l. 
6. RESULTS OF CALCULAT ION 
Let us consider the motion of a rotating unstable rotor in the field of gravity without periodic 
effects (al = a2 -- 0). A rotor, being at the initial period of time in the center of a chamber, 
begins to move. Orbits of steady-state motion of the rotor are nearly circular (see Figure 2; 
6' = ~/C  = O, 3; the velocity of rotation n = 100 rev/s--curve 1, n = 140--curve 2, n = 150 
rev/s--curve 3). 
~. 10 "~ 
X.f0 -~ 
Figure 2. 
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Let us turn to studying motion of a rotor in the presence of set external periodic disturbances 
of the finite amplitude. Let us set disturbances only in vertical direction, i.e., we assume that 
al = 1, a2 = 0, and Wl -- w (frequencies of the rotor motion and of external disturbances 
coincide). Calculations of trajectories of the rotor motion are carried out for the speed values 
of its rotation n in the interval from 60 to 2500 revolutions per second at the change of relative 
disbalance 6' from 0.1 to 1. Steady-state orbits of the rotor motion are close to vertical elliptic 
ones. It  was found that at small (n < hi) and big ( n > n2) velocities of rotation the motion 
of the cylinder was not stable: stationary closed trajectories of the axis of revolution were not 
formed and the rotor touched the chamber. There is a limited zone of rotor velocities In1, n2] for 
a constant value of disbalance where it is possible for a rotor to move avoiding a contact with 
a chamber (Figure 3). Left boundary of a zone of steady-state orbits formation practically does 
not depend on relative disbalance and right boundary moves to the domain of big velocities of 
revolution with decreased isbalance. Small eUipticity of the chamber (the function of a gap in 
this case had the form of hj = 1.066 -0 .133cos  2 ~oj -x  cos ~oj - y sin~oj) caused extension of 
formation zone for steady-state elliptic trajectories by means of increasing of the biggest critical 
velocity of revolution 2 (Figure 3, dotted line). When velocity increases by the factor of 10 (from 
100 to 1000 rev/s) the maximal amplitude of the orbit a increases by the factor of 33 (Figure 4: 
~' = 0.3).  
6 
I 
C5 
• | 
j : i 
ol 
I 
I 
I 
In2 
625 ! n 
Figure 3. 
Increasing of the amplitude of horizontal disturbances a2 up to 10 at low-frequency disturbances 
(wl = 1 s -1) actually does not distort steady-state circular trajectories of the rotor motion and 
does not cause their destruction. This conclusion confirms calculations carried out for velocities 
of cylinder rotation in the interval from 100 to 500 rev/s. At the amplitude of external effects 
equal to a2 = 100 (al = 0, Wl = 1 s -1, n = 150 rev/s) a cylinder gets in touch with a chamber 
very quickly (Figure 5: 6' = 0.3; al = 0, a2 = 1, Wl = w = 27r150s-l--curve 1; al = 0, a2 = 0.1, 
Wl = I s  - I ,  n = 150 and 100 rev/s--curves 2, 3). Change of disbalance from 0.1 to 0.5 in the 
presence of vertical disturbances with the frequency equal a half of the rotor revolution frequency 
(w = 2001rs -1, a2 = 0, al = 1) does not influence significantly a formation and orientation 
of steady-state trajectories of the rotor. Influence of vertical disturbances of finite amplitude 
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Figure 4. 
Figure 5. 
in comparison with the case of absence of disturbances causes increase of the amplitude of the 
steady-state trajectory by the factor of 8-9, shift of the orbit center from the first quarter to the 
third quarter of the plane (x, y) and transformation of a circular orbit into an elliptic one. 
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